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Abstract
We derive the general Σ2×S solution of topologically massive gravity in vacuum and
in presence of a cosmological constant. The field equations reduce to three-dimensional
Einstein equations and the solution has constant Ricci tensor. We briefly discuss the
emergence of non-Ricci flat solutions when spin is introduced.
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Three-dimensional gravity allows for the construction of a Chern-Simons-like term closely
related to the four-dimensional Pontryagin invariant [1]. Adding this Chern-Simons term to
the action and varying the latter w.r.t. the metric, one obtains field equations corresponding
to Einstein equations plus a term proportional to a symmetric, traceless, covariantly constant
tensor of third derivative order (Cotton tensor, Cµν) [1]
Gµν +
1
m
Cµν = λδ
µ
ν , (1)
Cµν = ǫ
µσκ∇σ
(
Rνκ − 1
4
gνκR
)
, (2)
where ǫ is the completely antisymmetric Levi Civita tensor in three-dimensions. The param-
eter m in Eq. (1) has mass dimension (in Planck units) and we have allowed for the existence
of a cosmological constant λ. This new theory is called topologically massive gravity (TMG)
and has several surprising properties [1]. In particular, it has no unitarity or ghost problems
and appears to be renormalizable.
A quite large amount of attention has been devoted to the investigation of the fundamen-
tal properties of TMG. In particular, TMG allows for non-trivial (non Ricci flat) solutions
in three dimensions [2]. In this context, the study of exact solutions of TMG plays a ma-
jor role. (Quoting Deser [3]: “[. . . ] no-one has succeeded as yet in finding the simplest
possible, ‘Schwarzschild’ solution to the nonlinear model, i.e., a circularly symmetric time-
independent (we don’t know if there’s a Birkhoff theorem) exterior geometry that obeys the
[Eq. (1)].”)
Having this in mind, the aim of this paper is the investigation of cylindrically symmetric
solutions of TMG. Given the
• Definition 1: A three-dimensional metric with topology Σ2 × S
ds2 = γµν(x)dx
µdxν − ρ(x)2dφ2 , (3)
where φ ∈ [0, 2π[ and γµν (µ, ν = 0, 1) is a generic hyperbolic two-dimensional metric
with signature (1,−1), is static when it possesses a Killing vector ξ = ξµ(x)∂µ (for the
definition of staticity in two-dimensional dilaton gravity see [4]);
• Definition 2: A solution of TMG equations is called locally Einstein trivial if the
Cotton tensor vanishes identically when is evaluated on the solution;
we prove the following
• Theorem: The most general solution of Eq. (1) with topology Σ2 × S is static and
locally Einstein trivial.
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• Corollary: When spin is introduced, non-static and non-Einstein trivial solutions do
appear.
The above theorem can be seen as the Birkhoff theorem for TMG. As a consequence of
the theorem, the most general solution of TMG with topology Σ2×S is locally flat for λ = 0
and locally De Sitter/Anti-de Sitter for λ 6= 0. As a result, TMG allows for the existence of
BTZ black holes [5].
Conventions: Throughout the paper we use the signature (+,−,−) and Landau-Lifshits
[6] conventions for the Ricci tensor.
• Proof:
Let us consider the metric (3). Since in two-dimensions any metric is locally confor-
mally flat we choose conformal light-cone coordinates u, v on Σ2. Equation (3) is cast
in the form
ds2 = f(u, v)dudv− ρ(u, v)2dφ2 , f(u, v) ≥ 0 . (4)
Using (4) the Einstein tensor Gµν and the Cotton tensor read
Gµν = 2

 H4 −H1/f 0−H2/f H4 0
0 0 H3

 , (5)
and
Cµν =


0 0 2ρ
2∂uH1 − f∂vH3
f 2
0 0 −2ρ2∂vH2 − f∂uH3
f 2
2∂vH2 − f∂uH3
fρ −
2∂uH1 − f∂vH3
fρ 0


, (6)
respectively, where
H1 = f
ρ
∂v
(
∂vρ
f
)
, H2 = f
ρ
∂u
(
∂uρ
f
)
, (7)
(8)
H3 = ∂u∂v(ln f)
f
, H4 = ∂u∂vρ
fρ
. (9)
(Note that det (Cµν) = 0.) From (1) and (5)-(6) it follows immediately
2∂uH1 − f∂vH3 = 0 , (10)
2∂vH2 − f∂uH3 = 0 . (11)
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Thus the Cotton tensor vanishes and the space time is trivial. Equations (1) can be
written in the form
H1 = H2 = 0 , (12)
H3 = H4 = λ/2 . (13)
The general solution of Eqs. (12)-(13) is
f(u, v) =
dρ
dh
dU
du
dV
dv
, ρ(u, v) = ρ(h) , (14)
where h(u, v) ≡ U(u)+V (v), U(u), V (v) are arbitrary functions. Clearly, the solution
possesses the Killing vector
ξ =
(
dU
du
)
−1
∂u −
(
dV
dv
)
−1
∂v . (15)
(Actually, in the case under consideration the space time is maximally symmetric and
possesses six Killing vectors.) The conformal factor ρ satisfies the ordinary differential
equation
dρ
dh
= C +
λ
4
ρ2 , (16)
where C is an integration constant. This concludes the proof of the theorem.
For sake of completeness, solving (16) we have (C 6= 0)
ds2 =
C
cos2
[√
λC
2
(U + V ) +K
]dUdV − 4C
λ
tan2
[√
λC
2
(U + V ) +K
]
dφ2 , (17)
ds2 =
C
cosh2
[√−λC
2
(U + V ) +K
]dUdV + 4C
λ
tanh2
[√−λC
2
(U + V ) +K
]
dφ2 ,(18)
for Cλ > 0 and Cλ < 0 respectively. For λ = 0 the spacetime is locally flat, as we do expect
from (14) and (16). Finally, when C = 0 (λ 6= 0) we obtain
ds2 =
1[
K − λ
4
(U + V )
]2
[
λ
4
dUdV − dφ2
]
, (19)
that corresponds to De Sitter/anti-De Sitter space time in conformal coordinates and is
related to (17)-(18) by a coordinate transformation.
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The theorem can be (partially) extended to some matter-coupled models of TMG. For
instance, the Cotton tensor must necessarily vanish when a scalar field is coupled to the
system since the (u, φ) and (v, φ) components of the stress-energy tensor T µν are identically
zero. In this case, of course, Einstein triviality does imply neither staticity nor Ricci-flatness.
The solutions of TMG are the subset of the solutions of Einstein equations that satisfy Eqs.
(10)-(11).
As it has been suggested by Aliev and Nutku [7], the theorem is violated if spin is added
to the model. We shall prove this by finding a counterexample. The most general three-
dimensional metric with a Killing vector ∂φ can be locally cast in the form
ds2 = F (u, v)2dudv +H(u, v)dudφ+H(u, v)dvdφ+ E(u, v)dφ2 . (20)
By a simple change of coordinates it is straightforward to see that the ansatz (20) describes
a stationary (spinning) geometry. Indeed, setting u = t+ x and v = t− x Eq. (20) is cast in
the form
ds2 = F (x, t)2
[
(dt+ w(x, t)dφ)2 − dx2
]
− [F (x, t)2w(x, t)2 − E(u, v)]dφ2 , (21)
where w(x, t) = H(x, t)/F (x, t)2.
Let us consider for simplicity E(u, v) = 0 and no cosmological constant. Using Eq.
(20) we find that the only non-vanishing component of the Cotton tensor is Cφφ. As a
consequence, the (µ, ν) (µ, ν = u, v) components of Eq . (1) (with upper indices) coincide
with three-dimensional vacuum Einstein equations. They reduce to
(∂−H(u, v))
2 = 0 , (22)
where ∂− = ∂u − ∂v. The general solution of Eq. (22) is
H(u, v) ≡ H(u+ v) . (23)
Substituting Eq. (23) in the field equations the (µ, φ) (µ = u, v) components of Eq. (1) are
identically satisfied. The (φ, φ) component of the Cotton tensor is
Cφφ =
H
|HF |∂−G
φφ , (24)
where
Gφφ = − 1
H3F
(
4H∂2uvF − ∂+H∂+F
)
, (25)
is the (φφ) component of the Einstein tensor and ∂+ = ∂u + ∂v.
From Eq. (24) it is straightforward to prove that if the space time is static (F ≡ F (u+v))
it is also locally Einstein trivial because Cφφ = 0. However, non-static solutions do appear.
Let us choose F ≡ F (u− v). Equation (25) becomes
2F ′′′F − F ′′
(
2F ′ −m H|HF |F
3
)
= 0 , (26)
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where ′ means differentiation w.r.t. u− v. Let us consider for simplicity H > 0. Integrating
(26) we find
2y′′ +myy′ = Ay , y = |F | , (27)
where A is an integration constant. When A = 0 (27) can be integrated explicitly. We
obtain three different solutions
y+ =
α
m
tanh
[
α
4
(u− v)− β
]
, (28)
y− = − α
m
tan
[
α
4
(u− v)− β
]
, (29)
y0 =
α/m
α(u− v)/4− β . (30)
The three-dimensional line elements are
ds2i = yi(u− v)2dudv +H(u+ v)dudφ+H(u+ v)dvdφ . (31)
Note that ds2+ and ds
2
0 are defined in the region α(u− v)/4−β > 0 and ds2− is defined in
the regions π(2n− 1)/2 < α(u− v)/4− β < nπ, where n is a integer number. (The regions
of definition are reversed when H(u, v) < 0.)
Clearly, Eqs. (31) describe a non-trivial non-static geometry. Thus we have shown by an
explicit example that non-static solutions do occur in spinning cylindrically symmetric TMG
geometries. The presence of the Killing vector associated to cylindrical symmetry does not
forbid the existence of non-static solutions.
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